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Summary. The rotatory motor of bacterial flagella is driv- 
en by a transmembrane electrochemical gradient of pro- 
tons. A model of the flagellar motor is analysed, which is 
based on the notion that protons passing through the 
motor use a channel-like pathway formed by ligand 
groups located partly on the rotor, partly on the stator. 
Proton translocation is linked to the displacement of sta- 
tor elements which are elastically bound to the cell wall. 
The model is described by a cyclic sequence of transloca- 
tion steps and proton binding and release reactions. 
Stochastic simulations of the model are carried out in 
which transitions between the states of the reaction cycle 
are treated as random events. In this way the rotation 
frequency can be predicted as a function of experimental 
variables such as driving force and viscous load. Further- 
more, the effects of microscopic parameters such as the 
transition frequencies of stator elements and the force 
constant of elastic coupling on the dynamic properties of 
the motor can be studied. The model allows for intrinsic 
uncoupling ("slippage") resulting from translocation 
steps without associated rotational movement. It is 
shown that mechanistic information can be obtained by 
studying random fluctuations of rotational speed. 
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Introduction 

The bacterial flagellar motor is a device that couples 
transmembrane ion flow to rotary motion (Berg 1975; 
Silverman and Simon 1977; Macnab 1978; Silverman 
1980; Berg etal. 1982; Macnab and Aizawa 1984; 
Macnab 1987; Stewart and Dahlquist 1987; Khan 1988). 
The force driving the rotation of the flagellum is generat- 
ed in the basal body which is embedded in the cell wall 
and the plasma membrane. The basal body of gram-pos- 
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itive bacteria contains two parallel rings of 20-30 nm 
diameter. The M ring is coplanar with the plasma mem- 
brane and is assumed to be rigidly attached to the flagel- 
lum. The S ring is located on the external side of the 
membrane and is likely to be connected with the cell wall. 
Gram-negative bacteria such as Escherichia coli have two 
additional rings which are associated with the peptido- 
glycane layer and the outer lipopolysaccharide mem- 
brane; they probably serve as bearings and do not parti- 
cipate in force generation. 

The flagellar motor contains several quasi-indepen- 
dent force-generating units. Evidence for this notion 
comes from experiments with paralysed mot mutants of 
E. coli in which induction of the synthesis of mot A and 
mot B proteins leads to a stepwise increase of rotation 
speed (Block and Berg 1984; Blair and Berg 1988). From 
the size of the speed increment the existence of 16 (Block 
and Berg 1984) or 8 (Blair and Berg 1988) independent 
units has been inferred. These findings may be compared 
with results of electron microscopic studies which gave 
evidence for 16-fold rotational symmetry in the M ring 
(De Pamphilis and Adler 1971). In freeze-fracture electron 
micrographs of the gram-negative bacterium Aquaspiril- 
lure serpens, a similar number (14-16) of membrane par- 
ticles ("studs") is seen at the periphery of annular depres- 
sions, normally occupied by one of the rings (Coulton and 
Murray 1978). Comparable results were recently ob- 
tained in freeze-fracture studies of Streptococcus and 
E. coli (Khan et al. 1988). It is feasible, as Blair and Berg 
(1988) proposed, that two particles are present per force 
generator. The mot proteins are not found in preparations 
of isolated basal bodies but remain with the cytoplasmic 
membrane (Ridgeway et al. 1977). 

In E. coli and in a number of other bacteria the motor 
is driven by a transmembrane electrochemical gradient of 
H + (Belyakova et al. 1976; Manson et al. 1977; Matsuura 
et al. 1977; Khan and Macnab 1980; Ravid and Eisen- 
bach 1984). In alkalophilic bacteria the driving ion seems 
to be Na + (Krulwich 1986). It has been estimated that at 
a driving force of 100-200 mV, the passage of a few hun- 
dred protons per revolution is sufficient to sustain rota- 
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tion of the motor  at high viscous load (Berg 1974). More 
recently, from flux measurements the number of protons 
passing through the motor  in one revolution has been 
determined to be ~ 1200 (Meister et al. 1987). When the 
load is heavy, the motor  operates at constant torque, the 
rotation rate being inversely proportional to the viscosity 
of the medium (Berg and Turner 1979; Manson et al. 
1980). When the load is light, the motor  runs at a constant 
limiting rate, independent of the load (Lowe et al. 1987). 
The motor  can switch from clockwise to counterclock- 
wise rotation and it can be driven artificially by a proton- 
motive force of reverse polarity (Manson et al. 1980). 

Several models for the coupling beween ion flow and 
flagellar rotation have been proposed so far (L/iuger 1977; 
Glagolev and Skulachev 1978; Macnab 1980; Oosawa 
and Masai 1982; Berg and Khan 1983; L/iuger 1988; 
Kobayashi 1988; Meister et al. 1989; Murata  et al. 1989). 
In a previous study (L/iuger 1988) a mechanism has been 
described in which the ion passing through the motor  
interacts simultaneously with ligand groups located on 
the M ring (the "rotor") and ligand groups located on 
"stator" elements attached to the cell wall. From an ap- 
proximate treatment of the model, predictions on the re- 
lationship between torque and rotation rate have been 
derived. For  this purpose, a number of simplifying as- 
sumptions had to be introduced. In particular, the analy- 
sis had to be restricted to high ion concentrations at 
which the binding sites are mostly occupied. In the fol- 
lowing, we carry out a more general analysis based on a 
computer simulation of the model. Using a random-num- 
ber method, the stochastic nature of ion permeation and 
force generation can be taken explicitely into account. In 
this way the dependence of dynamic properties of the 
motor  on microscopic parameters of the model can be 
studied. 
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Fig. 1. Arrangement of ligand rows (half-channels) on rotor 
(M ring) and stator. The central part of the rotor half-channel is 
oriented at an angle 0 with respect to the half-channel on the stator 
element. Inward movement of an ion occupying the intersection site 
leads to counterclockwise (ccw) rotation of the rotor. The dashed 
lines indicate the location of the entrance sites of the proton channel. 
Protons are assumed to move freely from the aqueous medium to 
the entrance sites through access channels (axially-oriented parts of 
the rotor half-channel) 
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Microscopic model of the flagellar motor 

Fig. 2. The stator elements are assumed to be elastically coupled to 
the cell wall. 71 is the deflection angle of the i-th stator element with 
respect to its resting position relative to the cell wall 

The model is based on the notion that the ion pathway 
through the motor  represents a kind of"channel" consist- 
ing of a series of polar ligand groups with which the ion 
interacts in an energetically favourable way (L/iuger 
1977; Macnab 1979). We assume that the M ring is sur- 
rounded by a number of"s ta tor  elements" attached to the 
cell wall, each containing a ligand row perpendicular to 
the plane of the ring (Fig. 1). The mot A and/or  mot B gene 
products may be identical with, or part of, these stator 
elements. At the periphery of the M ring ligand rows are 
assumed to be present that are oriented at an angle 0 with 
respect to the ligand rows on the stator elements (Fig. 1). 
We further assume that the energy of interaction of the 
ion with a single ligand row is not sufficient to compen- 
sate for the energy required to remove the ion from water, 
but that an energetically favourable situation results 
when the ion is located at the site of intersection of the 
two ligand rows where it has about twice as many ligand 
groups available. Under these conditions the ion is con- 
strained to move together with the intersection point. For  
the geometrical arrangement depicted in Fig. 1, ion flow 
from the external medium to the cytoplasm leads to coun- 

terclockwise rotation of the M ring. ("Clockwise" and 
"counterclockwise" refer to the direction of rotation as 
seen from the extracellular side.) As shown in Fig. 1, the 
oblique ligand-rows (or half channels) on the circumfer- 
ence of the rotor are assumed to be narrowly spaced 
without overlap. Their number N r is then given by 

2re 
% = - -  (1) 

~o 

where ~o is the angle subtended by a half-channel. 
Following Berg and Khan (1983) we assume that the 

stator elements are elastically coupled to the cell wall so 
that they can carry out restricted motion along the cir- 
cumference of the M ring (Fig. 2). When a stator element 
moves while the rotor  retains its position, elastic energy is 
stored which may be released in a subsequent rotation of 
the ring. In this way each stator element may act as a 
(quasi-) independent force generator. 

If 7~ is the angle of deflection of the i-th stator element 
S,. with respect to its resting position relative to the cell 



wall and q the force constant of elastic coupling ofa  stator 
element to the cell wall, the restoring torque M~ acting on 
S~ is given by 

M~ = - q ~i (2) 

where ?,~ is taken to be positive when S,. is deflected in a 
counterclockwise direction; accordingly, a torque M~ > 0 
tends to rotate the M ring in a counterclockwise direc- 
tion. Implicit in (2) is the assumption that the stator ele- 
ments are independent of each other. The mean torque M 
exerted by the stator elements on the rotor  is then ob- 
tained as 

M= Z (M,)= - q  N,(,/) (3) 
i 

where N~ is the total number of stator elements and (y )  
is the time average of the deflection angle. 

Reaction cycle 

We assume that the relative motion of the stator ele- 
ment S with respect to the M ring occurs in discrete steps. 
The motion of S may then be described by a potential 
profile consisting of a series of potential wells separated 
by activation barriers (Fig. 3). The entrance sites of the 
channel (0 and n + 1) are assumed to be connected with 
the aqueous phase by "access channels" of length a' and 
a" (Fig. 1) in which the protons are able to move freely. 
For  simplicity, we assume that the location of the barriers 
and wells is the same, irrespective of whether the intersec- 
tion site is empty or occupied. Accordingly, motion of the 
stator element and ion translocation is described by the 
reaction scheme of Fig. 4. Empty states of the intersection 
site are denoted by A and occupied states by B; Aj and Bj 
are states in which the intersection site is located at the 
position of the j - th  energy well (Fig. 3). 

When the motor  performs clockwise rotation, the cy- 
cle may start in state Ao by binding H + from the cyto- 
plasm (Ao --, Bo). The system may then move through 
Bt,  Bz, . . . ,  B, to B,+l .  After release of the proton to the 
external side (B,+ 1 ~ A,+l), a transition to state A; can 
take place in which the next ligand row on the rotor  
intersects with the ligand row on the stator in position 0. 
(Under physiological conditions, i.e., for an inward- 
directed proton gradient, the sequence of events is the 
inverse.) 

At non-saturating proton concentration, cycles with 
empty binding site (A 0 ~ A~ ~ . . .  ~ A,+~) will occasion- 
ally occur. This represents a loss of strict coupling be- 
tween proton flux and rotational motion. At low driving 
force, the system carries out a biased random walk among 
the states of the reaction cycle, corresponding to a super- 
position of steady rotation and Brownian motion. 

Equilibrium reactions 

For  the analysis of the reaction scheme of Fig. 4 we intro- 
duce the probability x [Y] that the stator half-channel is 
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Fig. 3. Potential-energy profile describing the relative motion of the 
stator element with respect to the rotor, d=b/cos 0 is the length of 
the central part of the rotor half-channel (Fig. 1) and a the distance 
between neighbouring energy wells, e' and c" are the proton concen- 
trations on the cytoplasmic and extracellular side of the M ring, 
respectively; 0' and 0" are the electric potentials. Rate constants for 
crossing the barriers are denoted by k), k] (intersection site empty) 
and by l}, l~ (intersection site occupied). The entrance sites (0 and 
n + 1) of the channel are connected with the aqueous media by access 
channels of length a' and a" (Fig. i) in which protons are able to 
diffuse freely 
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Fig. 4. Relative motion of the stator element with respect to the 
rotor (M ring), represented as a sequence of transitions between 
discrete states. States with empty intersection site are denoted by A, 
states with occupied intersection by B. Aj and Bj are states in which 
the intersection site is located at the j-th potential well (Fig. 3). k), 
k~, 1) and l~ are rate constants 

in state Y: 
n + l  
2 {x[Aj+x[Bj]} = I .  (4) 

j=0  

Assuming that protonat ion and deprotonation of the en- 
trance sites (j = 0 and j=  n + 1) are not rate-limiting, the 
probability of states A o, B o, A,+ 1 and B,+ 1 can be ex- 
pressed by equilibrium dissociation constants K' and K": 

x[Bo] - c' x[B,+l] c" 
- ( 5 )  

x [ A o ]  K" X[An+l] K" 

where c' and c" are the proton concentrations in the 
cytoplasmic and in the extracellular medium, respective- 
ly. 

The assumption that binding and release of protons 
are equilibrium reactions is likely to be fulfilled under 
most conditions�9 The apparent bimolecular rate constant 
for protonation of a proton-accepting site in an ion chan- 
nel may be as high as 4.1011 M -1 s -1 (Prod'horn et al. 
1987). At pH ~ pK ~ 7 this yields protonation and depro- 
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tonation rates of about 4 �9 104 s- 1. On the other hand, the 
average proton translocation rate through a single stator 
element is equal to v N,, where v is the rotation rate and 
N, the number of half-channels on the rotor. With 
v = 200 s- ~ and N~= 20, the translocation rate becomes 
4000 s- *, about ten times smaller than the estimated pro- 
tonation/deprotonation rate. Still higher rates of proto- 
nation and deprotonation may be estimated when buffer- 
ing is taken into account (Appendix A). 

When the system is in state A n + ~, the rotor half-chan- 
nel intersects with the external entrance site of the stator 
half-channel (Fig. 4). A transition may then occur to state 
A{~ in which the next rotor half-channel intersects with the 
cytoplasmic entrance site of the stator half-channel; as 
indicated by Fig. 1., this transition may occur with negligi- 
ble shift in the angular position of the rotor. Assuming 
that the energy barrier between states A n +, and A{; is low, 
these states are always in equilibrium with each other: 

x[An+~] 
- H .  (6) 

x[Ao] 

(In this relation A o is written instead of Ao, since all rotor 
half-channels can be assumed to have identical proper- 
ties). The quantity H is a voltage-independent equilibri- 
um constant which may be set equal to unity. 

Dependence of kinetic parameters on voltage 
and elastic restoring forces 

For generality, we assume that part of the transmem- 
brane voltage drops across access channels oriented par- 
allel to the rotor axis, which connect the entrance sites to 
the aqueous phases (Fig. 1). Under this condition the en- 
trance sites act as "ion wells" (Mitchell and Moyle 1974), 
i.e., the equilibrium dissociation constants K' and K" of 
H + become functions of voltage. The lengths of the access 
channels are denoted by a' and a" and the total length 
over which the voltage drops by h (Fig. 1). If c( = a'/h and 
o{' = a"/h are the fractions of total voltage 0' - ~" across 
the access channels at the inner (cytopasmic) and the 
outer (extracellular) side, respectively, the proton dissoci- 
ation constants are given by 

K' = K' exp ( -  ~' u) (7) 

K" =/~" exp (~" u) (8) 

a 0  u-: - (9) 
k T/eo k Tie o 

where /(' and K" are the values of K' and K" at zero 
voltage, k is Boltzmann's constant, T the absolute tem- 
perature and eo the charge of the proton. The representa- 
tion of ~' and ~" by geometrical distances (a'/h and a'/h) 
is only approximately valid. More generally, c~' and a" 
have to be considered as relative dielectric distances de- 
pending on the dielectric properties of the rotor/stator 
system. 

The rate constants k), kS.', I) and 1~ for transitions of 
stator elements between adjacent energy wells are deter- 
mined by the height of the activation barriers. In the 

following we assume that the barriers are symmetric and 
that the energy wells are regularly spaced; the distance 
between adjacent wells in Fig. 3 then becomes a=d/ 
(n+ 1), where d is the length of the oblique part of the 
rotor half-channel (Figs. 1 and 3). If the stator element is 
moved from a well to the top of the adjacent barrier, the 
deflection angle 7 changes by A? = qff2 (n + 1). This corre- 
sponds to an energy change AE due to elastic restoring 
forces: 

7+A7 

AE=q 5 7dT=qAT(7+AT/2). (10) 
7 

(Note that the deflection angle 7 can vary independently 
of the relative position of the stator element with respect 
to the rotor). According to the theory of absolute reaction 
rates (Zwolinsky et al. 1949), the rate constant for jumps 

' ~" exp( -AE/k  T) where ~'j is from j to j + 1 becomes k i = kj 
the value of kj for AE=O. With Ay=q~/2(n+l)=rc/ 
N,(n+ 1) this yields: 

' "  [ oi) kj = kj exp n + 1 J 

k;' = kr'~ ' exp l _ n ~ -  j (12) 

7cq n 
S ~ k T ~ ;  Y-2N, (n+I)"  (13) 

If a proton is located in the intersection site, an additional 
electrostatic term - e o ( 0 ' -  0") b/2 h(n + I) is added to 
the energy change AE (10); e o is the charge of the proton, 
b the axial distance between the entrance sites (Fig. 1), 
and 0' and 0" are the electric potentials at the cytoplas- 
mic and extracellular side, respectively. This yields for the 
rate constants of transitions with occupied intersection 
site: 

s(y+Y)~fiu/2~ (14) 
1}=75 .exp - n + l  J 

l] = ~' exp Is (y - y ) -  fl u/2] (15) 

f i  = = l - r  (16) 

and B' are the values of l} and 1)' in the absence of elastic 
and electrostatic forces. According to the principle of de- 
tailed balance, the rate constants and equilibrum con- 
stants are not independent of each other, but connected 
by the relations 

% = }{ (17) 
; , "  ; t  . . . k n  + 1 

" - R" (18) 

For a derivation of (17) and (18), see Appendix B. 
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Transition probabilities Equations (2), (3), (25) and (26) together yield: 

The numerical simulations to be described below are 
based on the probabilities AP = r(Y) At that a stator ele- 
ment which is in state Y E (A~, Bj) will leave this state 
within time interval At. For  the "inner" states 
A~ . . . .  , A,, B~ . . . .  , B,, the transition frequencies are giv- 
en by 

r(Aj)=k~+ky (19) 

r (B j) = l)+ lj (i = 1, 2 . . . . .  n). (20) 

Since the "outer" states A o , B o , A,+ a and B,+ z have been 
assumed to be in equilibrium with each other, they may 
be combined into a compound state C. The conditional 
probabilities P(YI C) -p (Y)  that a stator element is in a 
particular state Y ~ (Ao, Bo, A.+~, B,+~), given that it is 
in the compound state C, are obtained from (5) and (6): 

p(Ao) = a; p(A.+ 1 ) = H  a (21) 

p(Bo)=ae'/K'; p(B,,+I)=Hac"/K" (22) 

I/G - 1 + c ' /K'  + H (1 + c"/K")  . (23) 

Accordingly, the frequency of transitions out of state C is 
given by: 

�9 t ! I I  I t  t (C)=p(Ao) ko + p(Bo) lo + p(An+ x) ]fn+ l + p(Bn+ I) In+ l " 
(24) 

Rotational relaxation 

Superimposed on the discrete, stepwise motion of the sta- 
tor elements is the continuous rotation of the M ring 
under the influence of elastic restoring forces. For  gener- 
ality, we allow for the possibility that, in addition to the 
torque M generated by the motor, an externally applied 
torque M~ acts on the flagellum (Meister et al. 1989; 
Block et al. 1989). Since inertial forces are negligible ~, the 
total torque M + M ~  is exactly cancelled by the torque 
- f .  co arising from frictional forces ( f i s  the friction co- 
efficient and co the angular speed): 

M + M~ = f co (25) 

where co is taken to be positive for counterclockwise rota- 
tion. Rotation of the M ring, which is described by a 
rotation angle ~, results in a synchronous change of the 
deflection angles 71 of the stator elements: 

d~ dTi 
co -  dt dt ( i= 1, 2, . . .  Ns) (26) 

From the geometry of the flagellum, an upper limit of its moment 
of inertia may be estimated to be I<4.10 -29 Js 2. With a friction 
coefficient of the flagellum of f~4 .10  -z~ Js (Lowe etal. 1987), 
the ratio of the kinetic energy of rotation divided by the energy 
per revolution dissipated by friction becomes I v/2 f ~5.10 .7 
(v~ 100 Hz is the rotation rate). This means that the motion of the 
flagellum is totally dominated by friction 

M = Z  Mj 
J 

d71 
f ~t  = - q z T ~ + M  e. (27) . j 

This equation has the solution 

y~(t)--y~(O)=Q(t)--Q(O)=q*[1--exp(--t/Tr)l (28) 

Q*=-L~Me-- ~j ~j(O)] (29) 
N, l q 

=- f /Ns q. (3O) 

Thus, in the time intervals between jumps of stator ele- 
ments, the angles y~ and ~o exhibit an exponential relax- 
ation behaviour described by a time constant % = f/N~ q. 

Stochastic simulations 

In the model described above, the individual stator ele- 
ments interact with each other in a complicated manner 
via rotational motions of the M ring. For  this reason an 
analytical solution for the average rotation speed v is 
difficult to obtain. Predictions on the dependence of v on 
experimental variables such as driving force or viscous 
load can be derived, however, by simulating the stochas- 
tic behaviour of the system on a digital computer. Two 
different methods have been used for this purpose. 

Method A 

At time t = 0, an arbitrary initial state (A~, Bi) is assigned 
to the individual stator elements S~, and initial values of 
the displacement angles Yl are chosen at random. With 
these values of ~ ,  the probability AP~=r~(Y) At that a 
transition occurs within At is calculated for each S~, using 
(19), (20) and (24). The time interval At has to be sufficient- 
ly short, so that the condition AP~ ~ 1 is always met. For  
each stator element S~ it is decided whether a transition 
actually occurs within At. For  this purpose a random 
number R with a homogeneous distribution in the inter- 
val (0, 1) is compared with AP~. R was generated by the 
algorithm of Kirkpatrick and Stoll (1981). If R < AP~, the 
stator element is allowed to jump. (This procedure is 
based on the fact that the probability that a random 
number Re(0, l) is smaller than a given number Z e (0, 1) 
is equal to Z). A new random number R is then used to 
decide to which side the jump takes place. If, for instance, 
the stator element is in state A 1 before the jump, the 
probability that the transition is directed from A 1 to A 2 
is equal to k'i/(k'~ + k~). Or, if the stator element is in the 
compound state C, the probability for a transition into 
state A~ is equal to p(Ao) ko/r(C), and so forth. After this 
procedure has been completed for all N s stator elements, 
the rotor  is allowed to rotate under the influence of the 
elastic restoring forces during the time interval At. Ac- 
cording to (27), the displacement angles ~/i and the rota- 
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tion angle ~o change by ATg=AQ=o* [1-exp(--At/z~)] 
during A t. Thereafter, the whole cycle is repeated for the 
next time step A t. 

Method  B 

This method makes explicit use of the distribution of 
waiting times. The mean waiting time % is defined as the 
average time the system spends in a given state until a 
transition occurs in one of the stator elements. % is relat- 
ed to the transition rates r~(Y) which can be obtained 
from (19), (20) and (24): 

- - =  Z r,(Y). (31) 
~w i=1 

The distribution of waiting times t w which corresponds to 
a Poisson process is described by a probability density 

g (t~) = (1/%) exp ( -  tw/%) (32) 

(Cox and Miller 1977). For a given state of the system, a 
random waiting time t~ is chosen according to 

tw = - % in R (33) 

where R E (0, 1) is a random number. This procedure leads 
to a distribution of waiting times corresponding to (32) 
(Cox and Miller 1977). In the next step it is decided in 
which stator element and in which direction the jump 
occurs. For this purpose the interval (0, 1) is divided into 
as many subintervals as there exist transition possibilities 
in the whole system (two for each stator element S~, if S~ 
is in one of the states A1 . . . .  , A,, B1, . . . ,  B, and four, ifS~ 
is in the compound state C). The length s of each subinter- 
val is determined by the relative frequency of the corre- 
sponding transition. For instance, the value of s corre- 
sponding to the transition Aj  ~ A j+ 1 of stator element S~ 
is equal to k~. r~. After the assignment of the new state, the 
rotor is allowed to relax (as in method A), and the cycle 
is repeated. 

Within the limits of statistical error, both methods 
gave identical results. Method B requires much less com- 
puting time, since in method A many time steps At are 
needed for a jump of a stator element. Accordingly, in 
most cases method B has been used. If not otherwise 
indicated, the simulations were carried out for 5.105 
events. 

Numerical  values o f  the model  parameters  

In all simulations, a value of N~= 20 was used for the 
number of half-channels on the M ring. The number N~ of 
stator elements was varied between I and 20, correspond- 
ing to the range (8 or 16) of previous experimental esti- 
mates for the maximum number of force-generating units 
(Block and Berg 1984; Blair and Berg 1988). The number 
n of energy wells depends on assumptions on the length of 
the channel and on the geometry of the binding sites 
(Hille 1984). If the channel length b (Fig. 1) is assumed to 

be 2 -5  nm, the range of n may be estimated to be 4-10. 
In most simulations a fixed value of n =  5 was used; fur- 
thermore, in most cases the length of the access channels 
was set equal to zero (e '=c( '=0).  

Experimental data from which the equilibrium disso- 
ciation constants/( '  and/~"of  H + at the entrance sites of 
the channel can be estimated are not available so far. For 
simplicity it is assumed that/s K. A lower limit of 
K is given by the requirement that the dissociation rate 
constant koff of H + should be larger than the proton 
translocation rate v Nr through a single stator element. 
With v Nr,~ 4000 s-1 (see above) and an apparent proto- 
nation rate constant of ko. ~ 4 -  1011 M -  1 s-  1 (Prod'horn 
etal. 1987), a lower limit K=koff/kon>lO-8M is ob- 
tained. On the other hand, if K is much larger than phys- 
iological proton concentrations (10 - s -  10 - 6  M ) ,  chan- 
nel occupancy would be low, which would reduce the 
efficiency of the motor. In the following, a fixed value 
K = 10- 7 M is used. 

If not otherwise indicated, all rate constants for jumps 
of stator elements were taken to be the same in the empty 
and occupied states of the channel: ~)= ~ ' ~ - ~ = ~ = ~ ' - T .  
In the simulations, ~'=Twere considered as adjustable 
parameters which were chosen to fit the experimentally 
observed rotation frequencies v. (For an order-of-magni- 
tude estimate, ~" and rcan be set equal to the stepping rate 
of the motor. With rotation frequencies of ~ 100 s- 1 (at 
a driving force of about 100 mV and low viscous load) 
and Nr(n + 1) steps per revolution, values of ~" and l'of the 
order of 10 4 S -  1 may be estimated). 

The friction coefficient f can vary over a wide range. 
In experiments with tethered cells in which friction is 
determined by the viscous drag experienced by the rotat- 
ing cell body, f is of the order of 5 �9 l0 -2~ J s, whereas the 
friction coefficient of a freely rotating flagellum may be as 
low as 5 " 10 -zz J s (Lowe et al. 1987). 

The force constant q of elastic coupling between stator 
element and cell wall is arbitrarily assigned by the condi- 
tion q q)2~10kT. When a stator element is displaced 
from its equilibrium position (7=0) by an angle A7 = ~0/ 
(n+ 1), corresponding to the distance between adjacent 
energy wells, the elastic energy increases by AE = q (A7)2/2 
= q (pz/2(n + 1) 2. The condition q q~2 = 10 kT then means 
that for small values of n the energy difference AE is of the 
order of kT or lower. Much smaller values of q would lead 
to unreasonably high thermal displacements, whereas 
with larger values of q, the stator element would be 
locked in its equilibrium position. Accordingly, with 
go = 2 rc/Nr = 2 re/20, the force constant has to be chosen to 
be q ~ 4  �9 1 0  - 1 9  J at T=298  K. 

With q = 4  �9 10 - 1 9  J, N~= i0 and f = 5  �9 10 -22 J s (cor- 
responding to a freely rotating flagellum), the time con- 
stant for rotational relaxation of the M ring is estimated 
to be %= f / N  S q,,~ 10 -4 s -1. Thus, zr is of comparable 
magnitude or larger than the mean dwell time 1/~g l/~of 
the stator element in the energy well, if k and l'lie in the 
range of 5 �9 103-5  - 10" s -1, as assumed above. 

The parameter values which were held fixed in the 
simulations (if not otherwise indicated) are listed in 
Table 1. 
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Table 1. Parameter values which were held fixed in the simulation (if not otherwise indicated) 

Parameter N~ n K' = K"-- K H c( = ~" /~= ]" q T 

Value 20 5 10 .7 M 1 0 2.104 s -~ 4 " 1 0  - 1 9  J 298 K 

1 . 0  i i i i , / 
c': c"= 10 -7 M 

f 

0.8 A~ : - 200 mV / /  
! f =10-21Js / . / ~  

2T~ 0.6 

O.L ~ 

0.2 

0 ~ i i I I 

0 5 10 15 20 
t/ms 

Fig. 5. Rotation angle ~ of the rotor (in units of 2n) as a function of 
time t. N~ is the number of stator elements and Ar = r  the 
transmembrane voltage. The simulations were carried out by 
method A with time steps At =O.OS/k= 2.5 ItS, using the following 
parameters: c'=c"= 10 .7 M, f = 10 -21 J s; the values of the other 
parameters are given in Table 1. ~ was sampled at intervals of 500 las. 
The lines were redrawn from the original record 

80 / 

Ns = 10 j /  
f : 10-21 j s / 

60 o/  
v 

Hz 0 /o 
LO ~ o  

[ / ~  A , : o .  c':  10-6 M 
o /  ~ o - - o - - 0 - - o - - o -  

20 1 ~ . . . . . . . . . . . . .  

0 ~ I I I I 
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-A p fmV 

Fig. 6. Rotation frequency v as a function of driving force dp. Upper 
curve: purely electric driving-force (Ap=AO; c'=c"=]O -6 M). 
Middle and lower curve: purely osmotic driving-force (AO=0); 
c' (middle curve) or c" (lower curve) were held fixed at 10 -6 M, and 
the proton concentration at the opposite side was varied. The sim- 
ulation was carried out using method B (total number of events: 
5 �9 10 s) with N~ = 10 and f = 10 z~ j s; the other parameter values 
are given in Table 1 

Results 

Examples of simulations using the parameter values of 
Table 1 are represented in Fig. 5 in which the rotation 
angle 0 (in units of 2 re) is plotted as a function of time t. 
A fixed driving force A O = r -- ~" = -- 200 mV was as- 
sumed (c'= c"= 10-v M). ~ was sampled at time intervals 

of length 500 gs. The rotation angle ~o increases with time 
in an irregular fashion, corresponding to a superposition 
of quasi-continuous rotation and Brownian motion. This 
behaviour has to be expected, since entry and exit of 
protons and jumps of stator elements are random pro- 
cesses. The stochastic nature of the motion is a character- 
istic property of the motor which will be discussed in 
more detail later. 

Dependence of rotation frequency v and torque M 
on driving force and viscous load 

The mean rotation frequency v is obtained from the ratio 
(t*)/2 n t* taken at a sufficiently long time t*. In Fig. 6, 

v is plotted as a function of protonmotive force Ap defined 
by 

C I 
A p -  AO + kT In ~ = A~b-(59 mV) ApH. (34) 

eo 

A p H -  p H ' - p H "  is the pH difference between intra- and 
extracellular medium. In the upper curve of Fig. 6, the 
driving force Ap was assumed to be purely electric 
(Ap = Ar c'= c"). In this case the rotation frequency in- 
creases nearly linearly with Ap, up to at least - 200 inV. 
A totally different dependence of v on Ap is observed 
when the driving force is purely osmotic (A0 = 0), as seen 
from the middle and lower curve of Fig. 6. The middle 
curve has been calculated with fixed cytoplasmic proton 
concentration c '=10  -6 M and variable extracellular 
concentration c" _> c'. In the simulation represented by the 
lower curve, the extracellular concentration e"=10 -6 
was held constant and the cytoplasmic concentration 
c '<c"  was varied. In both cases the rotation frequency 
approaches limiting values at large protonmotive force. 
According to (21)-(23), the saturation behaviour for 
c '=const ,  results from the fact that in the limit of 
large c" the probabilities of states Ao, Bo, A,+ 1 and B,+ 1 
approach constant values p(Ao).~p(Bo)~P(A,+I)~O, 
p(Bn+l)~l. Similarly, for c"= const, and c' --* 0, the rela- 
tions p(Ao).~p(A,+ l )~ l/12 , p(Bo)~O , p(B,+ i )~ lO/12 
hold for c"/K"=IO and H = I .  In the limit of small 
Ap(IApl~kT/eo~26 mV) electric and osmotic driving 
forces become kinetically equivalent, as may be expected. 

It is important to note that the range in which v is a 
linear function of Ap depends on the viscous load. If the 
simulations are carried out under the same conditions as 
in Fig. 6, but with a much higher friction coefficient 
( f  = 10- 19 j s), the rotation frequency is found to be pro- 
portional to Ap up to about - 1 2 0  mV, irrespective of 
whether the driving force is electric or osmotic (not 
shown). 
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Fig. 7. Rotation frequency v as a function of friction coefficient f for 
different numbers N, of stator elements. The simulations were car- 
ried out for symmetrical proton concentrations (c'=c'= 10 .6 M) 
and a driving force Ap =Ar -200 mV. The other parameters are 
given in Table 1 
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Fig.& Torque M generated by the motor (in units of 
kT~4.1 - 10 -21 J) as a function of friction coefficient f ,  with the 
number N, of stator elements as variable parameter. A r = --200 mV, 
c'=c'= 10 .6 M; the other parameters are given in Table 1 

As discussed previously, the friction coefficient f may 
be varied experimentally over a wide range, from 
f_<5 �9 10 .22 J s for flagella rotating freely in a low-vis- 
cosity medium, up to f ~ 5  �9 10 -2~ J s for tethered cells. 
In Fig. 7 the dependence of rotat ion frequency v on f is 
represented with the number  N s of stator elements as a 
variable parameter.  With decreasing friction coefficient 
f ,  the rotat ion frequency increases towards an asymp- 
totic value %. This limiting frequency v o is a function of 
the jumping rate constants k and l 'of  the stator elements 
(not shown). Thus, v o reflects the internal friction of the 
motor  resulting from the resistance which has to be over- 
come in the relative mot ion of stator elements with re- 
spect to the rotor. 

Interestingly, the limiting frequency v o depends on the 
number  Ns of stator elements (Fig. 7). This behaviour is 
likely to result from the fact that the individual stator 

M 
kT 

500 , , , 

c'= c"= 10 -6 N 

/*00 ? ~  A* = -200 mV 

N 

L Zo. 100 !~o 

2 ~  ~ 

0 50 100 150 200 

vlHz 

Fig. 9. Torque M (in units of kT) as a function of rotation frequen- 
cy v. The values of the parameters were the same as in Fig. 7. M(v) 
has been obtained from the data of Fig. 7 using the relation 
M=2rcvf 

elements are not strictly independent of each other, but 
coupled through the motion of the rotor. 

At vanishing external torque Me, the torque M gener- 
ated by the motor  may be obtained from the rotation 
frequency v at a given friction coefficient f (Fig. 7), ac- 
cording to the relation M = 2 ~z v f (compare (25)). Alter- 
natively, M may be evaluated from the mean displace- 
ment angle ( ? )  of the stator elements, using the relation 
M = - q  Ns(Y) (3). Within the limits of statistical error, 
both methods gave identical results. In Fig. 8 the torque 
M is represented as a function of friction coefficient f for 
different values of %.  At low friction, the torque vanishes 
(as it must), whereas in the limit of high friction, the torque 
becomes constant. This limiting value M ( f  ~ o o ) -  Mo, 
sometimes referred to as the stall torque, is equal to the 
torque which has to be applied externally to stop the 
motor.  

For  comparison with experimental results (see below) 
it is convenient to plot the torque M as a function of 
rotat ion frequency v (Fig. 9). M is found to be a nearly 
linear function of v and thus can be represented by 

M (v) ~ Mo (1 - V/Vo) ( 3 5 )  

where M 0 is the stall torque and v0 the limiting frequency 
at vanishing viscous load. For  a given fixed friction coef- 
ficient f ,  the rotat ion frequency can be obtained from the 
intersection point of the straight line M = 2 7r v f with 
M (v) in Fig. 9. 

Values of v evaluated in this way from Fig. 9 for fixed 
friction coefficient are found to be proport ional  to the 
number  % ofs ta tor  elements at high friction (v ~ 0). This 
agrees with the experimental observation (Blair and Berg 
1988) that v increases in regular steps when Ns is increased 
biosynthetically. 

I t  is instructive to evaluate, on the basis of (3), the 
average deflection angle (7 )  of the stator elements. In the 
limit of low external friction (M = 0), ( y )  vanishes, where- 
as under stall conditions, (7 )  becomes maximal and 
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equal to Mo/q %.  From the results of Fig. 9, the maxi- 
mum value of (7) is estimated to be 0.22, or 13 ~ at a 
driving force of - 2 0 0  inV. 

Dependence o f  M and v on proton concentration 

The torque generated by the motor depends on the 
aqueous proton concentration. This is illustrated by 
Fig. 10 in which M is plotted as a function of v for differ- 
ent values of c /K under the condition c' = c" -- c. Both the 
stall torque M0 = M (v = 0) as well as the limiting rotation 
frequency Vo=V(M=O) are found to decrease with de- 
creasing values of c/K, i.e., with decreasing occupancy of 
the proton-binding sites. As seen from Fig. 11, the depen- 
dence of Vo on proton concentration c can be approxi- 
mately fitted with a Michaelis-Menten equation of the 
form 

c 
. . . .  - -  (36) VO - -  ~ 0  

c-F K M 

where K M is the ion concentration at which v o becomes 
equal to V~ax/2. 

The maximum value of the stall torque, M~ ~,  ob- 
tained by numerical simulation in the limit c >> K, may be 
compared with theoretical predicitons. If the proton- 
binding sites are always occupied, the number of protons 
translocated in a single revolution is equal to Nr N~, 
corresponding to a change of free energy of magnitude 
% N s e o Ap. This energy must be equal to the mechanical 
energy per revolution, - 2 rc M~ '~. Thus: 

M~ ax = -- N~ N~ e o Ap/2 ~t. (37) 

With the parameters used for the simulations of Fig. 11 
(N,=20, N~= 10, A p = - 2 0 0  mV), the predicted value of 
M~"~/kT becomes equal to 248, which agrees with the 
result of Fig. 11. 

Furthermore, according to (37), the maximum torque 
should be proportional to the number N~ of stator ele- 
ments. This prediction is borne out by the simulations 
represented in Fig. 9. 

Effects o f  elastic restoring force 

25oL ' ' o " :  

E\..  o0r\o %o.. .... Ns= 10 

,  0oo 

D ~  "*"%.. 

 oo- o \  .......... 
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Fig. 10. Torque M (in units of kT) as a function of rotation frequen- 
cy v for different values of the ratio c/K. c'= c"= c, AO = -200 mV, 
Ns=t0; the other parameters are given in Table 1. Dashed line: 
values predicted from the previous analytical treatment (Lfiuger 
1988) for c/K= I000 
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Fig. 11. Zero-load rotation frequency v o_= v (M = 0) and stall torque 
Mo-M(v=O ) as a function of c/K. c'=c"=c, A~b=-200mV, 
% = 10; the other parameter values are given in Table 1. The line has 
been drawn according to (36) with v~ax= 198 Hz and KM/K =0.835 
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According to (2), the elastic restoring force acting on a 
stator element is decribed by the force constant q. The 
dependence of rotation frequency v on q is represented in" 
Fig. 12. It is seen that v is independent of q at low values 
of the force constant, but strongly decreases at large q. 
This behaviour can be understood in the following way. 
When a stator element moves from its equilibrium posi- 
tion (deflection angle 7 = 0) to an adjacent potential well, 
an activation energy of magnitude q (A7)2/2 is required to 
overcome the elastic restoring force; A 7 is the deflection 
angle corresponding to the position at the top of the 
energy barrier. If the energy wells are regularly spaced 
and if the barriers are symmetrical, Ay becomes equal to 
7z/N r (n + 1) where n is the number of internal energy wells 
(Fig. 3). Accordingly, in the presence of an elastic restor- 
ing force, the frequency of jumps over the energy barriers 

is reduced by a factor 2: 

[ q ] [ n2-q ] 2  kT 2 - e x p  - 2 - ~ ( A 7 )  2 = exp - N] (n+l )2  j .  (38) 

Thus, at large values of q, the rotation frequency should 
exponentially decrease with increasing q. On the other 
hand, when the exponent in (38) is small compared to 
unity, v is predicted to become independent of q. With 
N, = 20 and n = 5, this should be the case for q ~ 10-17 j, 
in agreement with the results of Fig. 12. 

The experimental value of the force constant, which 
has been used in most simulations, q = 4 . ] 0 - 1 9 j s  
(Table 1), lies in the range where M is only weakly depen- 
dent on q (Fig. 12). 
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Fig. 12. Ro ta t ion  f requency v as a funct ion o f  force constant  q for  
different values of the friction coefficient f. %=10, c'=c"=-c, 
c/K= 10, A~O= -200 mV. The other parameter values are given in 
Table 1 
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Fig. 13. Rotation frequency v as a function of voltage Ar d=a'/h 
and ~"= a'/h are the relative lengths of the access channels ("ion 
wells") connecting the entrance sites for H + with the adjacent 
aqueous solutions (Fig. l). N~=10, c'=c"=-c, c/K=l. The other 
parameter values are given in Table 1. The voltage dependence of 
the equilibrium dissociation constal~ts K' and K" was evaluated 
according to (7) and (8) with/~'=/~"---K and c~'= ~"- 

Ion-well effects 

When part of the transmembrane voltage drops across an 
access channel connecting the binding site with the adja- 
cent aqueous solution, the binding affinity for H + be- 
comes a function of voltage, i.e., the access channel acts as 
an "ion well". Simulations allowing for the presence of ion 
wells are represented in Fig. 13. The relative depths of the 
wells at the cytoplasmic and extracellular side are 
denoted by e' and ~", respectively (7) and (8). The simula- 
tions were carried out under the condition ~ ' = ~ " - a ,  

/( '  =/~" =- K and c' = c" = c. For  e = 0 (access channels ab- 
sent), the rotation frequency v is a nearly linear function 
of voltage Ar For  c~=0.2, v is increased and becomes 
slightly superlinear. For  c~ =0.4 and 0.5, the rotation fre- 
quency is again smaller and tends to saturate at large 
voltages. This saturation behaviour results from the fact 
that for ~ '=cd ~0 .5  nearly all the total voltage drops 
across the access channels, so that the rate constants for 
jumps of the stator elements become virtually voltage-in- 
dependent. The saturation behaviour of v is even more 
pronounced for larger values of c/K (not shown). The 
limiting case a ' = ~ " = 0 . 5  corresponds to the model of 
Meister et al. (1989) in which the transmembrane voltage 
has been assumed to act exclusively via an ion-well effect. 

Proton flux and coupling ratio 

In the model discussed here, the individual stator ele- 
ments arc allowed to move independently of the move- 
ment of the rotor. This has the consequence that coupling 
between proton flow and rotation is, in general, not per- 
fect. If the rotor  is held fixed, a given stator element may 
still carry out transitions between the states of the reac- 
tion cycle (Fig. 4), and occasionally may complete the 
whole cycle, taking up a proton on one side (Ao --+ Bo), 
releasing it to the other side (B,+ 1 -~ A,+~) and returning 
back in unloaded form (A,+ 1 " +  An -"+ Ao). Such a carrier- 
like behaviour of stator elements may be expected to be 
most pronounced at high friction and at nonsaturating 
proton concentrations (c'< K', c"< K'), when states with 
empty binding site have a non-zero probability. 

Since N, N, is the number of elementary translocation 
events associated with a single revolution, the rate by 
which rotation-linked translocation events occur is equal 
to N~ N~ v. Accordingly, coupling beween rotation and 
proton flow may be described by the coupling ratio Q 
which is defined by the ratio of v Nr Ns, divided by the net 
proton flux J~: 

Q _-__ N, %___Zv (39) J,, 
For Q to be positive, v and J~ have to be taken as absolute 
values. In the simulation, J~ is obtained as the difference 
in the number of protons entering and leaving the motor  
per unit time at the cytoplasmic side. 

The coupling ratio Q is represented in Fig. 14 as a 
function of friction coefficient f for different values of 
proton concentration c ' = c " = c  and of the ratio /7~ of 
jumping frequencies in the empty (/7) and the occupied 
state (7"). For  all combinations of/7/Tand c/K, the coupling 
ratio Q approaches zero in the limit of high friction 
coefficient f .  This results from the above-mentioned car- 
rier-like behaviour of the stator elements which causes the 
proton flux I x to remain finite for vanishing rotation fre- 
quency v. Under conditions of low friction and saturating 
ion concentration, the proton flux J ,  must become equal 
to N, Ns v, so that Q approaches unity. This is borne out 
by the simulation, as seen from the curve for c/K = 1000 
in Fig. 14 A. 
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Fig. 15. Stochastic behaviour of the motor. The difference 5 ~(t) 
- 0 (t) - 27r v t between the rotation angle Q and its expectation value 
2 n v t is plotted on the ordinate in units of 27z. The simulations were 
carried out using method A with time steps At=2.5 Ixs. c'=c'=c, 
Ap = Ar = -- 200 mV, N s = 10, f = 10- 21 j s. The other parameters 
are given in Table 1. The mean rotation frequency v was determined 
in a separate simulation over an extended time period under other- 
wise identical conditions; v varied between 10.2 Hz (c/K=O.l) and 
86 Hz (c/K = 1000). The ordinate scale is the same in all cases 

At non-saturating ion concentrations, Q may assume 
values larger than unity. This may be understood by con- 
sidering the following limiting case. Assume that external 
friction is negligible ( f  ~0)  and that the ion concentra- 
tion c is so small that no more than one out of Ns stator 
elements is occupied by an ion at any time. In this case, 
every pro ton  passing through the motor  leads to rotat ion 
of the rotor  by an angle A 0 = 2~/N,, so that the rotat ion 
frequency v becomes equal to JH/Nr, yielding Q = % .  
Thus, under the conditions of Fig. 14 A, the coupling ratio 
may be expected to approach the value Q = Ns = 10 in the 
limit f ~ 0 and c/K ~ O. By the same token, Q = % rep- 
resents an upper limit for the coupling ratio, since the 
minimum number  of protons required to drive the rotor 
through one revolution is equal to N,. 

If transitions with empty binding site are kinetically 
inhibited (~'~/), p ro ton  flux and rotat ion become com- 
pletely coupled. This explains the finding (Fig. 14B) that 
in the limit of low friction, Q approaches unity for 

Stochastic properties 

Since force is generated in a small number  of units (the 
stator elements), the operation of the motor  is necessarily 
subjected to random fluctuations. Stochastic fluctuations 
of rotat ion rate may originate from at least two different 
sources. In the absence of an external driving force, the 
rotor  carries out Brownian rotational diffusion resulting 

from random jumps of stator elements. Brownian rota- 
tion of the motor  may be described by a rotational diffu- 
sion coefficient Dro, (Berg 1983): 

((A~)2) (40)  
Dr~ = 2 At 

((A 0) 2) is the mean square deviation of the rotat ion angle 
O within time interval At. 

At finite driving force Ap, an additional component  
appears in the random behaviour of 0(t), resulting from 
fluctuations in the occupancy of ion-binding sites. This is 
obvious in the case where the driving force is purely 
electric ( c ' = c " - c ,  Ap=Ar Under this condition 
fluctuations in the number  of bound ions lead to r andom 
variations of the force acting on the motor .  Large 
fluctuations of binding-site occupancy may be expected at 
non-saturating proton concentrations (c % K). 

For  representing the stochastic t ime-behaviour of ro- 
tation angle ~, it is convenient to plot the quantity 5 ~ as 
a function of v t: 

6 0 ( t ) = ~ ( t ) -  2rcvt (41) 

where 2 ~z v t is the expectation value of rotat ion angle Q at 
time t; the mean rotat ion frequency v is obtained (as be- 
fore) as the limiting value of the ratio Q(t*)/2~t* for 
t* ~ co. 6 Q (t) is plotted in Fig. 15 over a time interval of 
two rotat ion periods (0_<v t < 2) for different values of 
c/K. It is seen that the rotat ion is comparat ively smooth 
at large c/K, but becomes increasingly irregular with de- 
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Fig. 16. Generalized rotational diffusion coefficient D* (42) as a 
function of driving force Ap= AO for three different values of c/K 
under the condition c'=c"=-c, N,=10, f = 1 0 - Z l J s .  The other 
parameters are given in Table 1. The rotation angle 0 (t) was ob- 
tained by simulation using method A with time increments of 2.5 gs. 
Angle increments A ~ (42) were taken at time intervals A t = 5 ms. The 
mean rotation frequency v was determined from the total angle 0* 
at the end of the simulation period of length t* =2.5 s according to 
v = 0*/27r t*. The value of D* was independent of A t for A t > 2.5 ms, 
but decreased to zero for At ~ 0 

200 

creasing ion concentration c. In the limit c/K --, 0 in 
which the average driving force vanishes, the motor  ex- 
hibits pure rotational diffusion. 

For  further analysis of the stochastic behaviour of the 
motor  we introduce the quantity 

- 2 ~  ((A Q - 2 rc v A t) 2) (42) D* 

where A0 is the increment of ~ during time A t; the averag- 
ing is to be carried out over many  time intervals of length 
At in the course of the simulation. Compar ison  with (40) 
shows that D* should become equal to Dr�9 t at vanishing 
driving force (v = 0). Thus, D* may be considered as a 
generalized rotational diffusion coefficient accounting for 
fluctuations of force under non-equilibrium conditions. 

The quantity D* is represented in Fig. 16 as a function 
of protonmotive force Ap = A r for different values of c/K. 
D* increases with - A ~ for c/K = 1, but remains virtually 
constant both at low (0.1) and high values (1000) of c/K. 
This behaviour may  be explained in the following way. At 
low proton concentration (c + 0), the binding sites are 
mostly empty so that the stochastic motions of the rotor  
become independent of A ~, corresponding to pure rota- 
tional diffusion. At high values of c/K, the binding sites 
are always occupied and fluctuations in occupancy are 
negligible. Thus, at large c/K, D* should again approach 
the rotational-diffusion limit. At intermediate values of 
c/K, the stochastic behaviour of the motor  is influenced 
by fluctuations in binding-site occupancy which lead to 
fluctuations of driving force at Ar 40 .  Since in the simu- 
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Fig. 17. Dependence of rotation frequency v on externally-applied 
torque M, for different values of c/K. For easy comparison with 
Fig. 10, -Me/kT is plotted as a function of v. The simulations were 
carried out for vanishing friction coefficient (using a value of 
f=10-ZSJs),  N~=10, c'=c"--c and A~=-200mV; the other 
parameters were taken from Table 1 

lations represented in Fig. 16, the rate constants for jumps 
of stator elements with empty and occupied binding site 
have been assumed to be the same (k=  T), the values of D* 
for c/K ~ 1 and c/K > 1 should approximately agree, 
which is indeed observed. 

The limit of D* at low protonmotive force may be 
compared with predicted values of the rotational diffu- 
sion coefficient Dr�9 At vanishing external friction ( f  = 0) 
and for N s = 1,Dr�9 t should be determined by the jumping 
frequency k = l of the stator element and by the angle 
increment 9o=2rc / (n+ 1)% in a single jump. In analogy 
to linear diffusion (Berg 1983), Dro~ is given by 

1 - 2 2~z2 ~" (43) 
Oro t = ~ k 4o - (n + 1)2 N,.2" 

For  k = 2 . 1 0 4  s -1, n = 5  and % = 2 0 ,  Dro t is predicted to 
be 27 s -  1. This value may be compared with the result of 
simulations carried out with the same parameter  values, 
yielding D * ~ 5 0 s  -1 for N~=I,  f ~ 0  and Ap=O. Thus, 
the rotational diffusion coefficient determined by simula- 
tion agrees within an order of magnitude with the value 
predicted from (43). (The difference between Dro t and D* 
may result from the elastic restoring forces acting on the 
stator element, which are not taken into account in (43)). 

Externally-applied torque Me 

Valuable information on the properties of the motor  may 
be expected from experiments in which an external torque 
M e is applied in addition to the torque generated by the 
prdtonmotive force Ap. Such experiments may become 
possible in the future (Meister et al. 1989). In Fig. 17 the 
relationship between rotat ion frequency v and external 
torque M e is represented under the condition of vanishing 
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viscous load ( f  ~0)  for fixed protonmotive force Ap = AO. 
For  easy comparison with the results shown in Fig. 10, 
- M S k T  is plotted as a function of v. At vanishing exter- 
nal torque Me, the flagellum rotates counterclockwise 
(v = vo > 0) under the influence of the protonmotive force. 
For  - M ~  < 0, the external torque has the same direction 
as the motor-generated torque, and the rotation frequen- 
cy increases beyond v o . If - M~ is equal to the stall torque 
Mo, rotation ceases (v =0). For  more positive values of 
- M~, the flagellum rotates in reverse direction (v < 0). As 
seen from Fig. 17, the rotation frequency v increases with 
M e in a superlinear fashion at large positive or negative 
values of M~. This non-linear behaviour of V(Me) can be 
explained in the following way. At large torque, the stator 
elements are strongly deflected from their equilibrium po- 
sition, so that the restoring force - q7~ (2) becomes large. 
Since the rate constants k), ky, l~ and lj depend exponen- 
tially on q 7~ (11-15), the rotation frequency varies non- 
linearly with M~. 

In experiments with free-swimming or tethered cells in 
the absence of an externally-applied torque, the equiva- 
lent of M, is the frictional torque - f e) which counter- 
acts the torque M generated by the motor. It is thus 
interesting to compare the numerical values of M (v) ob- 
tained under the condition M , = 0  with the values of 
- M e  (v) obtained under the condition f = 0. It is found 
that M(v) from Fig. 10 and -M~ (v )  from Fig. 17 agree, 
within the limits of statistical error, in the whole range of 
M and v (0_<M___Mo; O<_v<_vo) (not shown). 
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Fig. 18. Comparison with experimental results: Torque M generat- 
ed by the flagellar motor as function of rotation rate v. M is referred 
to a single flagellum and is given in units of kT~4.1.10 - 2 1  J (at 
22 ~ Squares: experiments with flee-swimming cells of Streptococ- 
cus in media of different viscosity at constant protonmotive force 
(Lowe et al. 1987; Meister et al. 1989). Circles: experiments with 
tethered cells (Manson et al. 1980). M 0 and v o are the limiting values 
of M and v at high and low viscous load, respctively. The straight 
line was obtained by numerical simulation of the model, using the 
following parameter values: N,=47, N~= 16, n=5, c'=c"= 10 v M, 
K'=K =10-8M, H=I,  k=T-4-104s -1, q=4-10-19J, A~k= 
-150 mV, T=295 K 

C o m p a r i s o n  wi th  e x p e r i m e n t a l  resu l t s  

The dynamic properties of a rotary motor  may be charac- 
terized by the relationship between rotation frequency v 
and torque M. The best information on M(v) available so 
far is provided by the experiments of Lowe et al. (1987) 
with Streptococcus cells (Fig. 18). An approximately lin- 
ear dependence of M on v was observed which can be 
represented by the relation M =  M o (1 - V/Vo). Thus, at 
high friction, the motor  runs at constant torque, and at 
low friction, at constant speed (Berg and Khan 1983). 
As shown above (Figs. 9 and 10), the linear dependence of 
M on v is reproduced by the numerical simulation. A fit 
of the model to the experimental results (Fig. 18) is 
obtained with the following parameter values: Nr=47, 
Ns=16, n= 5, c ' = c ' - c =  lO - ~ M , K ' = K " = K = I O  - s  M, 
H = I ,  ~ = T = m ' 1 0 4 s  -1, q = 4 " 1 0 - 1 9  J, A ~ - - - 1 5 0 m V ,  
T = 295 K. This set of parameter values is, of course, not 
unique. Within the framework of the model considered 
here, a linear relation between M and v may be generally 
expected, provided that the number n of ion binding sites 
is chosen to be larger than 2 - 3  (L/iuger 1988). Since sat- 
uration of the proton-binding sites has been assumed 
(c/K = 10), the stall torque Mo is given by the relation 
M o ~ . . . .  M o = -N~ N, e o Ap/2rc (37); therefore, M o directly 
yields the product  N, N~. From the experimental values 
M o ~ 6 9 0 .  kT and A p = -  150 mV, N, N~ is estimated to 
be ~750. Thus, with N s = 16 (Block and Berg 1984), N~ has 
to be chosen to be ~ 47; if the lower value, N, = 8 (Blair 

and Berg 1988), is used, N, becomes equal to 94. With a 
ring diameter of 30 nm, N~= 94 would mean that the 
distance between adjacent half-channels on the periphery 
of the rotor  is about 1 nm. 

Since N, N~ is equal to the number of protons translo- 
cated in a single revolution, an independent estimate of 
N, Ns is obtained from experiments in which the proton 
flux through the motor  has been determined (Meister 
et al. 1987). This yields a value of about 1240 for N, N~. 

The dependence of rotation frequency v on proton- 
motive force Ap has been studied with two different cell 
types, v was found to increase linearly with membrane 
voltage A~, up to 80 mV in Streptococcus (Khan et al. 
1985). In Streptococcus (Manson et al. 1980) and in Bacil- 
lus subtilis (Khan and Macnab 1980; Shioi et al. 1980), the 
electrical (AO) and the osmotic (ApH) components of Ap 
are almost equally effective in driving flagellar rotation. 
This behaviour is predicted by the model at high viscous 
load (not shown). In Bacillus subtilis, the rotation fre- 
quency was found to saturate above 60 to 100 mV (Khan 
and Macnab 1980; Manson et al. 1980; Shioi et al. 1980; 
Khan and Berg 1983); saturation was observed both for 
A p = A ~ and for A p = -(kY/eo)  A pH (Khan and Macnab 
1980). A possibility for explaining the equivalence of AO 
and ApH, as well as the saturation at large Ap, derives 
from the assumption that the access channels connecting 
the binding sites to the aqueous phase act as ion wells. 
Saturation of rotation frequency v at large driving force 
Ap is clearly seen in the simulations represented in Fig. 13 
in which ion-well effects (c(, ~"> 0) have been accounted 
for. 
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Information on stochastic fluctuations of rotation 
rate is scanty so far. For the representation of experimen- 
tal results it is convenient to introduce the standard devi- 
ation a t of the duration z of a rotation period: 

a2 = ((~_ ~)2) (44) 

where f =  1Iv is the average duration of a rotation period. 
a~ is related to the standard deviation % of rotation angle 

after time t = i according to a~/f~ %/2 re. Together with 
(42) this gives 

~ 2-~ 2 ~  ~. (45) 

In the experiments with tethered cells, rotation was found 
to be remarkably regular, with values of a~/f of about 0.09 
(Khan et al. 1985). This corresponds, with the experimen- 
tally observed rotation frequency of v = l / f ~ 2 H z ,  to 
D* ~0.3 s- ', a value which is close to the estimated rota- 
tional diffusion coefficient of Streptococcus cells in water. 
This means that under the given experimental conditions, 
contributions to at from fluctuations of binding-site occu- 
pancy are negligible. According to Fig. 16, larger fluctua- 
tions of rotation rate may be expected at sub-saturating 
proton concentrations. 

Discussion 

The microscopic model of the bacterial flagellar motor 
analysed above is based on the notion that ions passing 
through the motor use a channel-like pathway formed by 
ligand groups located partly on the rotor, partly on the 
stator elements. In a previous paper (L/iuger 1988), an 
analytical treatment of this model was described which 
required a number of simplifying assumptions. In particu- 
lar, the analysis had to be restricted to saturating proton 
concentrations in order to derive an analytical expression 
for the dependence of rotation rate on experimental vari- 
ables (f,  AO, c', c"). Furthermore, effects of elastic restor- 
ing forces acting the stator elements could only indirectly 
be accounted for. The present treatment is free from these 
restrictions, since a computer simulation can provide, at 
least in principle, a complete description of a molecular 
system. 

Mechanisms of flagellar rotation involving loose cou- 
pling between proton flow and rotation have been 
analysed by Oosawa and coworkers (1982, 1983) and by 
Kobayashi (1988). Recently, a model which has some sim- 
ilarity with the model discussed here has been treated by 
Meister et al. (1989). In the mechanism considered by 
Meister et al., the membrane voltage acts exclusively on 
ion movement across the access channels, while ion 
translocation between binding sites on the rotor and the 
concomitant lateral movement of the stator element are 
assumed to be voltage-independent processes. This corre- 
sponds to the limiting case/~ = 0 in our model. Another 
difference between the two models lies in the fact that 
Meister et al. have assumed strict coupling between pro- 
ton flow and rotation, whereas in the mechanism dis- 

cussed here, the coupling ratio can be larger or smaller 
than unity. 

The numerical simulations carried out in this study 
yield the rotation frequency v as a function of driving 
force Ap at arbitrary (saturating and non-saturating) pro- 
ton concentrations c' and c". For large values of c' and c" 
and small force constant q (see below), the results approx- 
imately agree with the predictions from the previous ana- 
lytical treatment (Lfiuger 1988) which was based on the 
assumption of kinetic independence of the stator elements 
and which was restricted to the limiting case c'>K', 
c">K". This is seen in Fig. 10 in which the dashed line 
indicates the result from the analytical treatment for 
c/K = 1000 and N, = 10. 

At sub-saturating proton concentrations (c_< K) and 
for a given protonmotive force Ap=AO, both the zero- 
load rotation frequency v o and the stall torque M o de- 
crease with decreasing values ofc/K (Fig. 11). This finding 
is consistent with the notion that for Ap = AO the average 
force acting on the motor is proportional to the number 
of ions occupying the binding sites. In models in which 
rotation and proton flow are assumed to be strictly cou- 
pled (L/iuger 1988; Meister et al. 1989), the stall torque is 
always given by a thermodynamic relation of the form 
Mo=--N,. N s e o Ap/2 ~ which, for Ap= A~, does not de- 
pend on ion concentration c (compare (37)). The model 
considered here accounts for the possibility that stator 
elements move with empty proton binding site, a process 
which leads to uncoupling (or "slippage"). Thus, measur- 
ing the stall torque as a function of ion concentration 
yields information on the degree of coupling. More direct 
information on the thermodynamic efficiency of the 
motor is obtained from the coupling ratio Q = v N, Ns/J u 
represented in Fig. 14. Q is found to depend on micro- 
scopic parameters of the model, such as the ratio E/rof the 
jumping frequencies in the empty and occupied state of 
the channel, as well as on experimental variables such as 
ion concentration and viscous load. 

The thermodynamic efficiency t /of  the motor is de- 
fined as the rate of generation of mechanical energy, 
27r v M, divided by the rate of energy dissipation by 
downhill proton flow, e0 Ap JH: 

2rc v M 2rc M Q 
~l - eo Ap J ~  - N r N~ e o Ap (46) 

(again, v, M, Ap and Jn are to be taken as absolute values). 
In Fig. 19, q is represented as a function of friction coeffi- 
cient f for different values of c/K. At low viscous load, 

vanishes, since for f ~ 0 the torque M becomes small. 
At high viscous load, ~ becomes again small, since for 
f ~ oo the rotation frequency approaches zero while the 
proton flux Jn remains finite. At intermediate values of 
the friction coefficient, q goes through a maximum. As 
seen from Fig. 19, the highest efficiency is obtained for 
saturating proton concentrations (c > K). 

A characteristic feature of the model is the elastic cou- 
pling of the stator elements to the cell wall which allows 
quasi-independent motions of the individual elements 
(Berg and Khan 1983). Without elastic coupling, rotation 
of the rotor by one step would require simultaneous tran- 
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Fig. 19. Thermodynamic efficiency ~/of the flagellar motor (46) as a 
function of friction coefficient f. ~/was calculated for k/I= 10 under 
the conditions given in the legend of Fig. 14A 

sitions over activation barriers in each of the stator ele- 
ments, a process which has an intrinsically low probabil- 
ity. In the simulation of the model, the single stator 
elements were assumed to move independently of each 
other. The stator elements, however, indirectly interact 
via motions of the rotor. This interaction leads to the 
observed dependence of zero-load rotation frequency Vo 
on the number Ns of stator elements (Fig. 7). In models in 
which complete independence of the stator elements is 
assumed a priori (Lfiuger 1988; Meister et al. 1989), v o is 
predicted to be independent of %, since in this case both 
the force and the internal friction increase proportional to 
% at vanishing viscous load. 

From the foregoing it is clear that the force constant q 
is an important parameter in the design of a flagellar 
motor. Strong coupling, corresponding to large values 
of q, tends to block the motor, as Fig. 12 shows. On the 
other hand, in the limit of small force constant, the rota- 
tion frequency becomes independent of q (Fig. 12). Ac- 
cording to (38), the value qo below which v becomes con- 
stant is given by the condition that the elastic energy 
rc 2 qo/2N2(n+ 1) 2 associated with the transition over a 
barrier is smaller than kT. For q < qo the results of the 
simulation qualitatively agree with the predictions of the 
analytic treatment (L/iuger 1988) in which elastic cou- 
pling was not explicitely taken into account. 

The simulation method applied in this study is partic- 
ularly useful for obtaining information on the stochastic 
properties of the flagellar motor. The random nature of 
the motion of the rotor is evident from Fig. 15 in which 
the quantity 5 e - e - 2 ~  v t is plotted, representing the 
deviation of rotation angle ~ from the expectation value 
2 ~ v t. The time course of 60 which is shown in Fig. 15 for 
two rotation periods reflects fluctuations of rotation 
speed resulting from the stochastic nature of the ion bind- 
ing and release steps and of the motions of the stator 
elements. Fluctuations of rotation speed are relatively 

small at high ion concentrations c at which the binding 
sites are mostly occupied (c/K ~> 1), but increase strongly 
with decreasing values of c/K. (Part of the difference in the 
behaviour of 6~o at low and at high ion concentration 
results from the difference in the length of the rotation 
period 1/v). 

At small driving force, the motion of the rotor may be 
described as continuous rotation superimposed on rota- 
tional diffusion. This is shown in Fig. 16 in which the 
quantity D*=-((Ap-2~vAt)2)/2At is plotted as a 
function of protonmotive force Ap=Ar In the limit of 
small protonmotive force in which v vanishes, D* should 
become equal to the rotational diffusion coefficient 
Drot= ((A~)2)/2At. D* is found to be virtually indepen- 
dent of protonmotive force Ar both at high and at low 
ion concentration c, but increases with I AO] at intermedi- 
ate concentrations (c/K = 1). This behaviour may be un- 
derstood in the following way. At saturating ion concen- 
trations, fluctuations in binding-site occupancy are small 
so that the stochastic behaviour of the motor is dominat- 
ed by rotational diffusion. On the other hand, at low ion 
concentrations at which the binding sites are mostly emp- 
ty, the average driving force acting on the rotor is small, 
so that again the protonmotive force has little influence 
on D*. At intermediate concentrations (c~K), fluctua- 
tions in binding-site occupancy lead to fluctuations of 
driving force which increase in amplitude with increasing 
values of [ A ~ [. 
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Appendix A 

Rates of protonation and deprotonation 
of transport sites at the channel entrance 

The rate of protonation of a proton-accepting group R- 
at the channel entrance (sites 0 and n+ 1 in Fig. 4) is 
determined by the following processes: 

ks 
H + +R-  ~- HR (A1) 

k-1 
k2 

H20 + R-  ~ OH-  + HR (A 2) 
k -  2 

k3 

HP +R-  ~ P - + H R  (A3) 
k- 3 

(A 1) represents protonation by free protons (in the form 
of H30 +), (A 2) proton transfer from water molecules, and 
(A3) proton transfer from the protonated buffer species 
HP. The buffer P-/HP is introduced to account for the 
buffering action by components of the aqueous medium, 
such as HCO~. The overall rate kon of protonation of R- 
is then given by 

ko~=kt cu+ka Cwq-k 3 Ctlp (A4) 

where cli, c w and cm, are the concentrations of H30 +, 
HaO and HP, respectively. 
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The rate constant k~ of protonation by free protons 
may be set equal to the limiting rate constant kdlff of a 
diffusion-controlled reaction (Eigen 1963): 

k 1 ,~ kdiff (A 5) 

For  the purpose of an estimate of the order of magnitude, 
we use in the following the same limiting value kaiff for all 
three reactions (A I ) - (A 3). k 2 and k 3 may be estimated in 
the following way. The rate constant kAs of the proton-ex- 
change reaction 

k.A B 
H A + B  , A + H B  (A6) 

is given by (Eigen 1963; Schuster 1987): 

- k  Ka  (A7) 
kAB- -  d i f f  KA + KB 

KA--Cn CA/CHA and K s - c  H Cs/CHs are the equilibrium 
dissociation constants of HA and HB. Equation (A7) 
states that for downhill protonation (KA > Ks) the reac- 
tion is nearly diffusion-limited (KAB ~ ka~rf); if A and B are 
identical (K A = Ks), the rate constant kAs is reduced by a 
factor of 2 compared t o  kdiff , since the encounter complex 
A - H " ' B ~ - - , A . . H - B  can dissociate with equal 
probability in either direction. The equilibrium dissocia- 
tion constant KR of the transport site may be assumed to 
be much larger than the dissociation constant of water, 
K w = c  n CoH/Cw~2 . 10 - 1 6  M, so that from (A7) the rela- 
tion 

k 2 Cw~.kdiff Cff Con/K R (A8) 

is obtained. Equations (A4)-(A8) then yield: 

( C o x  cp ) (19) 

At neutral pH (cn~Con~10 -7 M) and for ce~>CoL, and 
Ke<KR,,~IO -~ M, the protonation rate constant ko~ is 
largely dominated by the last term in (19) describing 
protonation by the buffer acid HP:  

c n Cp kdiff cue (A 10) 
k~ ~ kdiff K R d- Kp -- 1 + KR/K v 

With kdlff~lO 1~ M -1 s -1 (Eigen 1963), cne~10  -a M, 
and KR~Ke,  kon becomes of the order of 106 s -1, much 
larger than the estimated proton translocation rate of 
103-104 s 1 through a stator element. 

In an analogous way, one obtains for the overall rate 
koff of deprotonation of HR: 

( con eP ) k - l e P  (111) ko.:k_  I+G+I,:SK; -K .+K,  
With KR~Ke~IO-VM,  k- l~kdi f fKR~lOas -1, and 
cF.~ 10 -4 M, kof r becomes of the order of 106 s -1. 

Appendix B 

Derivation of (17) and (18) 

We consider the reaction cycle of Fig. 4 under the condi- 
tion of vanishing driving forces (~' = ~9", c' = c', M e = 0). In 
this case, according to the principle of detailed balance, 
every single reaction step is in equilibrium separately: 

x[Aj+xl ~) 

k j+l 
x[Aj] r,, ( j=0 ,  1, 2, . . . ,  n) (B1) 

x[Bj+l] 
x [Bjl - 7;+~ (B 2) 

Using the identity 

x[A1].-x[A2] '  �9 X[An+l] : x[A"+l] (B3) 
x[Ao] x[A1] X[An] x[Ao] 

and inserting (6) and (B 1) yields (17). In a similar way, the 
identity 

x[B 1] x[B2] x[B.+I]_x[B,+I] 
x[Bo] x[B~] x[B,] x[Bo] 

(B 4) 

together with (5), (6) and (B 2) yields (t 8). 
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